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Abstract

We study the problem of preconditioning in sequential prediction. From the theoret-
ical lens of linear dynamical systems, we show that convolving the input sequence
corresponds to applying a polynomial to the hidden transition matrix. Building on
this insight, we propose a universal preconditioning method that convolves the input
with coefficients from orthogonal polynomials such as Chebyshev or Legendre. We
prove that this approach reduces regret for two distinct prediction algorithms and
yields the first ever sublinear and hidden-dimension—independent regret bounds (up
to logarithmic factors) that hold for systems with marginally stable and asymmetric
transition matrices. Finally, extensive synthetic and real-world experiments show
that this simple preconditioning strategy improves the performance of a diverse
range of algorithms, including recurrent neural networks, and generalizes to signals
beyond linear dynamical systems.

1 Introduction

In sequence prediction the goal of the learner is to predict the next token accurately according to a
specified loss function, such as the mean square error or cross-entropy. This fundamental problem
in machine learning has gained increased importance with the rise of large language models, which
perform sequence prediction on tokens using cross entropy. The focus of this paper is preconditioning,
i.e. modifying the target sequence to make it easier to learn. A classic example is differencing,
introduced by Box and Jenkins in the 1970s [14]], which transforms observations y;,y2, ... into
successive differences,

Y1 —Yo, Y2 — Y1, s Yt —Yt—1,5---

It is widely acknowledged that learning this sequence can be “easier" than learning the original
sequence for a large number of modalities. In this work we seek a more general framework for
sequence preconditioning that captures the same intuition behind differencing and extends it to a
broader class of transformations. The question we ask is

What is the general form of sequence preconditioning that enables provably accurate learning?

We address this question by introducing a preconditioning method which takes in n fixed coefficients

co, - - -, Cy, and converts the sequence of observations yi, . ..,¥y,... to the sequence of convolved
observation
n
CoYo, Coy1 + C1Yo0, - -, E Ci¥t—is -
i=0

From an information-theoretic perspective, approaches of this kind seem futile—predicting y; or
>, Ciyt—; seems equally hard in an adversarial setting. Yet we show that when the data arises from
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a linear dynamical system (LDS), there exists a universal form of preconditioning that provably
improves learnability, independent of the specific system.

In LDS setting, we show that preconditioning significantly strengthens existing prediction methods,
leading to new regret bounds. Here, preconditioning has an elegant effect: the preconditioning filter
forms coefficients of an n degree polynomial, and the hidden system transition matrix is evaluated on
this polynomial— potentially shrinking the domain. In this setting, shrinking the learnable domain is
akin to making the problem “easier to learn”, a relationship that is formalized by [28]]. This allows us
to prove the first dimension-independent sublinear regret bounds for asymmetric linear dynamical
systems that are marginally stable.

1.1 Our results

Our main contribution is Universal Sequence Preconditioning, a novel method of sequence precon-
ditioning which convolves the target sequence with the coefficients of the n-th monic Chebyshev
polynomial. We give a more general form of preconditioning, allowing arbitrary user-specified
coefficients, in Algorithm I and an online version in Algorithm [ (Appendix [C). We analyze the
effect of Universal Sequence Preconditioning on two canonical sequence prediction algorithms in
the online setting: (1) convex regression and (2) spectral filtering. In either case, the results are
impressive— yielding the first known sublinear regret bounds as compared to the optimal ground-truth
predictor that are simultaneously (1) applicable to marginally stable systems, (2) independent of
hidden dimension (up to logarithmic factors), and (3) applicable to systems whose transition matrix
is asymmetri (see Table|l|).

Algorithm 1 General Sequence Preconditioning (Offline Version)

1: Training o
2: Input: training data (ui®, y1:¥) where (ul, y?) is the ¢-th input/output pair in the i-th sequence;
coefficients cg.,,; prediction algorithm .A.

3: Assert cg = 1.

4: fori =1to N do - )

5: ll)r:L:ﬁondltloned,z . convolution(yizT, CO:n) 4 ygrecondltlonedﬂ _ yi + Z?:l ijg_j
6: end for

7: Train A on preconditioned data <u}¥  yPreconditioned, 1:N ) .

8: Test Time

9: fort =1toT do

10:  Receive u;.

11 Predict §; + A (U1, ¥1:(6-1)) — Dopy Ci¥i—i-
12:  Receive yy.

13: end for

First, applying USP to standard convex regression results in regret O~(T’2/ 13), which holds simul-

taneously across the three settings above and remains dimension-independent. For comparison, a
naive analysis of regression yields a vacuous regret bound of O(7">/?) on marginally stable systems.
Second, combining USP with a variant of spectral filtering [29] that uses novel filters, the algorithm is
able learn a broader class of linear dynamical systems— in particular systems whose hidden transition
matrix may be asymmetric. The enhanced method achieves regret O(T_?’/ 13), the best known
rate under the joint conditions of conditions (1)-(3) discussed above: marginal stability, dimension
independence, and asymmetry.

Both results require that the transition matrix eigenvalues have imaginary parts bounded by
O(1/log T'))—a near-tight condition for achieving dimension-free regret. Further discussion on
this appears in Appendix

Empirical results in Section[d]demonstrate that USP consistently improves performance across diverse
algorithms—including regression, spectral filtering, and neural networks—and across data types
extending beyond linear dynamical systems.

2Qur results only hold for asymmetric matrices whose eigenvalues have imaginary component bounded
above by O(1/log(T")). This is somewhat tight, see Section



] Method | Marginally stable | dpjagen-free | Asymmetric |

Sys-ID X X v
Regression (open-loop) X v v
Regression (closed-loop) v X v
Spectral Filtering v v X
USP + Regression v v ~ Vv
USP + Spectral Filtering v v ~ Vv

Table 1: Comparison of methods for learning LDS. USP extends learning to mildly asymmetric
matrices with bounded complex eigenvalues.

1.2 Intuition for Universal Sequence Preconditioning

We now give some brief intuition for the result. Linear dynamical systems (LDS) are perhaps the
most basic and well studied dynamical systems in engineering and control science. Given input
vectors uy, ..., ur € C, the system generates a sequence of output vectors yi,...yp € Cu
according to the law

Xi+1 = Axy + Buy, y: = Cx; + Duy, (1)

where xg, ..., x7 € C%e is a sequence of hidden states and (A, B, C,D) are matrices which
parameterize the LDS. We assume w.l.0.g. that D = 0. We can factor out the hidden state x; so that
the observation at time ¢ is

t
v = Z CA'*Bu,.
s=1

Given coefficients co., = (cg, ..., cn) let

n
c def n—ia
pe(z) = Zcia: . 2)
=0

Consider a “preconditioned” target at time ¢ to be a linear combination of y;.;,, with coefficients
co:n- A key insight is the following identity,

n n—1 s t—n—1
ZCth—i = Z (Z CiCAS_iB> u_ s+ Z Cpt(A)A*Bu;_,,_,.
=0 s=0

s=0 \i=0

If we take cg = 1 (i.e. a monic polynomial), we can re-write y; as

n n—1 s t—m—1
ye=— Z Ciyi—it+ Z Z ¢;CA* "Bu,_, + Z Cpi(A)A°Buy_,—s . 3)
i=1 s=0 =0 s=0
Ro Nq Ny

This expression highlights our approach as a balance of three terms:
Ny The universal preconditioning term: it depends only on the coefficients cg.,,and not on any
learning algorithm.

N; A term learnable via convex relaxation and regression, for example by denoting

Qs ™! =3 "¢;CA*'B.
i=0
The diameter of the coefficient Qs depends on the magnitude of the coefficients cg.,,.
Ny The residual term with polynomial p¢ (A). By a careful choice of coefficients cg.,,, we can
force this term to be very small.

The main insight we derive from this expression is the inherent tension between two terms Ny, No.
The polynomial p¢ () and its coefficients c, . . ., ¢, control two competing effects:



1. The preconditioning coefficients grow larger with the degree n of the polynomial and the
magnitude of the coefficients c;. A higher degree polynomial and larger coefficients increase
the diameter of the search space over the preconditioning coefficients, and therefore increase
the regret bound stemming from the 8; component learning.

2. On the other hand, a larger search space can allow a broader class of polynomials p,,(+)
which can better control of the magnitude of p,,(A), and therefore reduce the search space
of the Ny component.

What choice of polynomial is best? This work considers the Chebyshev polynomial. The reason is
the following property of the n-th monic Chebyshev polynomial:

RN < 27D,
e IPn(M)] <

As an example, consider any LDS whose hidden transition matrix A is diagonalizable and has
eigenvalues in [—1, 1] By the above property, observe that ||p,(A)|lcc < 2 - 27", therefore
shrinking the N, term at a rate exponential with the number of preconditioning coefficients. We
pause to remark on the universality of this choice of polynomial. Indeed, one could instead have
chosen the preconditioning coefficients to depend on A so that pf (+) is the characteristic polynomial
of A. By the Cayley-Hamilton theorem, p, (A) = 0. This means that X term is canceled out
completely. However this would have required knowledge of the spectrum of A. The Chebyshev
polynomial, on the other hand, is agnostic to the particular hidden transition matrix. Moreover, even
if the spectrum of A were known, choosing the preconditioning coefficients to form the characteristic
polynomial would result in an algorithm which must learn hidden dimension many parameters, which
is prohibitive. Instead, the degree of the Chebyshev polynomial must only grow logarithmically with
the hidden dimension.

1.3 Related work

Our manuscript is technically involved and incorporates linear dynamical systems, spectral filtering,
complex Chebyshev and Legendre polynomials, Hankel and Toeplitz matrix eigendecay, Gaussian
quadrature and other techniques. The related work is thus expansive, and due to space limitations we
give a detailed treatment in Appendix [A.

Preconditioning in the context of time series analysis has roots in the classical work of Box and
Jenkins [14]. In their foundational text they propose differencing as a method for making the time
series stationary, and thus amenable to statistical learning techniques such as ARMA (auto-regressive
moving average) [10]]. The differencing operator can be applied numerous times, and for different
lags, giving rise to the ARIMA family of forecasting models. Identifying the order of an ARIMA
model, and in particular the types of differencing needed to make a series stationary, is a hard problem
This is a special case of the problem we consider: differencing corresponds to certain coefficients of
preconditioning the time series, whereas we consider arbitrary coefficients.

For a thorough introduction to modern control theory and exposition on open loop / closed loop
predictors, learning via regression, and spectral filtering, see [28].

The fundamental problem of learning in linear dynamical systems has been studied for many decades,
and we highlight several key approaches below:

1. System identification refers to the method of recovering A, B, C from the data. This is a
non-convex problem and while many methods have been considered in this setting, they
depend polynomially on the hidden dimension.

2. The (auto) regression method predicts according to y; = Z?:l M, u;_;. The coefficients
M; can be learned using convex regression. The downside of this approach is that if the
spectral radius of A is 1 — 4, it can be seen that ~ % terms are needed.

3. The regression method can be further enhanced with “closed loop" components, that regress
on prior observations y;_1.1. It can be shown using the Cayley-Hamilton theorem that
using this method, d;, components are needed to learn the system, where d, is the hidden
dimension of A.

3This work considers a broader class of hidden transition matrices.



4. Filtering involves recovering the state z; from observations. While Kalman filtering is
optimal under specific noise conditions, it generally fails in the presence of marginal stability
and adversarial noise.

5. Finally, spectral filtering combines the advantages of all methods above. It is an efficient
method, its complexity does not depend on the hidden dimension, and works for marginally
stable systems. However, spectral filtering requires A to be symmetric, or diagonalizable
under the real numbers.

2 Main Results

In this section we formally state our main algorithms and theorems. We show that the Universal
Sequence Preconditioning method provides significantly improved regret bounds for learning linear
dynamical systems than previously known when used in conjunction with two distinct methods. The
first method is simple convex regression, and the second is spectral filtering.

Both algorithms allow for learning in the case of marginally stable linear dynamical systems and
allow for certain asymmetric transition matrices of arbitrary high hidden dimension. The regret
bounds are free of the hidden dimension (up to logarithmic factors) — which significantly extends the
state of the art.

2.1 Universal Sequence Preconditioning Applied to Regression

Algorithm 2 is an instantiation of Algorithm [ for the method of convex regression. We set the
preconditioning coefficients to be the coefficients of the n-th degree (monic) Chebyshev polynomial.

Algorithm 2 Universal Sequence Preconditioning for Regression

1: Input: initial parameter Q°; preconditioning coefficients cg.,, from the n-th degree (monic)
Chebyshev polynomial; convex constraints K = {(Qo, ..., Qn-1) s:t. |Q;|l < Ceomainllc|l1}
Assert that ¢g = 1.
fort =1toT do

Receive u;.

Predict §,(Q") = — 1L, ciye—i + 22— Qjui—j.

Observe true output y; and suffer loss £;(Q?) = ||7:(Q") — y¢||1.

Update and project:
Q" « proji (Q' =Vl (Q")) -

AN A R

8: end for

Theorem [2.T shows that vanishing loss compared to the optimal ground-truth predictor, at a rate that
is independent of the hidden dimension of the system.
Theorem 2.1. Let {ut}g;l € C9% be any sequence of inputs which satisfy |[us|lo < 1 and let

{y,g}tT:1 € C%u be the corresponding output coming from some linear dynamical system (A, B, C)
as defined per Eq. |Z Let P diagonalize A (note P exists w.l.o.g.) and let k = ||P||||P~1||. Assume
that |B|||ICIl6 < Coomain- Let A1, ..., Aa, denote the spectrum of A. If

max |arg(\;)| < 1/(32log2(2T3/d0u,))2
J€[dn]

then the predictions y1, ...,y from Algorithm|2 where the preconditioning coefficients cy.y, are
chosen to be the coefficients of the n-th monic Chebyshev polynomial satisfy

T
1 & - (IBIIC] %y
fZHYt*Ytul < O(Tz/mt )
t=1

where O(-) hides polylogarithmic factors in T.

The proof of Theorem[2.1]is in Appendix D! For a simple baseline comparison, the regret achieved
(via the same proof technique) by the vanilla regression algorithm without preconditioning is
O (CyomainV/dowT®/?) which is not sublinear in 7.



2.2 Universal Sequence Preconditioning Applied to Spectral Filtering

Our second main result is the application of Universal Sequence Preconditioning to the spectral
filtering algorithm [29]]. In addition to applying USP to spectral filtering, we also propose a novel
spectral filtering basis. Both changes to the vanilla spectral filtering algorithm are necessary to extend
its sublinear regret bounds to the case of underlying systems with asymmetric hidden transition
matrices. First we define two key quantities. Given horizon 7" and « € C let

pr(e) =1 a ... OLTfl]T7 “
and
Zp / () (@) da, )
aECg

where @ € C denotes the complex conjugate. The novel spectral filters are the eigenvectors of
Z1_,_1, which we denote as ¢, ..., d7r_,_1. Note that in the standard spectral filtering literature,
the spectral filtering matrix is an integral over the real line and does not involve the complex conjugate.
Our new matrix has an entirely different structure and although it looks quite similar, it surprisingly
upends the proof techniques to ensure exponential spectral decay, a critical property for the method.
We therefore introduce a novel proof of spectral decay in Theorem found in Section|E.1.1.

Algorithm 3 Universal Sequence Preconditioning for Spectral Filtering

1: Input: initial  Qf.,, M}, horizon T, convex  constraints K =
{(Qo, -, Qn-1,My,...,Myst. ||Q;]| < Rgand|M;| < Ry}, parameter n, coef-
ficients cy.p,.

2: Let p&(z) = coz™ + c12™ L+ + cp.
3: Let ¢, ..., ¢, be the top n eigenvectors of Zr_,,_1.
4: Assert cg = 1.
5: fort =1toT do
6: Letuy_,_1.1 be uz_,_1.1 padded with zeros so it has dimension 7' — n — 1 X djj.
7o Predict 94(QL M) = = Y1 ciyei + Xj_o Qhuiy + o5 25 M 1.
8:  Observe true y;, define loss :(y:) = |ly+(Q, M") — y¢|1.
9:  Update and project: (Q!™1, M!*1) = proj, (Qf, M) — 1, V/,(Qt, M?))
10: end for

Theorem 2.2. Let {ut}z;l € R be any sequence of inputs which satisfy ||ui|ls < 1 and let
{y,g}ltT:1 be the corresponding output coming from some linear dynamical system (A,B,C) as
defined per Eq.|I| Let P diagonalize A (note P exists w.l.o.g.) and let k = ||P||[|P~1||. If Rg, R,

and k are chosen to be sufficiently large and
max |arg(\;)| < 1/(3210gy (217 /dou))?,
J€ldn]

then the predictions y1,...,yr from Algorithm E where the preconditioning coefficients cq.,, are
chosen to be the coefficients of the n-th monic Chebyshev polynomial satisfy

T
L& - ICIB#v/ T
TZ”Yt_Ytnl < O(TS/B[ .
t=1

For comparison, vanilla spectral filtering without Universal Sequence Preconditioning requires that
MaX;e|[d,] |a.rg(/\j )| < 1/T, which is essentially the same as requiring that the matrix be symmetric
since the horizon 7" can become arbitrarily large.

3 Proof Overview

In this section we give a high level overview of the proofs for Theorem [2.T and Theorem 2.2, We start
by recalling the intuition for Universal Sequence Preconditioning developed in Section [1.2] which



shows that if {yt}tT:1 evolves as a linear dynamical system parameterized by matrices (A, B, C)
with inputs {ut}th1 then by Equation ,

n n—1 s t—nm—1
ye=— Z Ciyt—it+ Z Z ¢;CA* "Bu,_, + Z CpS(A)A°*Buy_, .
i=1 s=0 i=0 s=0
———
Ro Ny RNo

Recall that N is the universal preconditioning component, R; is the term that can easily be learned
by convex relaxation and regression, and Ny is the critical term that contains p¢ (A).

Both Theorem [2.T and Theorem [2.2 use the standard result from online convex optimization (Theorem
3.1 from [26]) that online gradient descent over convex domain K achieves regret %GD\/T as
compared to the best point in /C, where D denotes the diameter of IC and G denotes the maximum
gradient norm.

Regression: Proof of Theorem[2.1 In the case of regression, the domain is chosen so that o may
be learned and the proof proceeds by bounding the diameter of such a domain and its corresponding
maximum gradient norm to get regret Cn?y/doy||c||1V/T for a universal constant C' > 0 which
depends on the norms of matrices B and C from the underlying system. Then N3 is treated as an
un-learnable error term. Let A(A) denote the set of eigenvalues of A. By the simple magnitude
bound of

t—n—1

Iy~ Cpu(A)A*Buip| < max, lpn (N[ -T - [CJ - B,
s=0

e

the error of ignoring this term can be very small if maxy(a) [pn(A(A))| is small. In the proof
of Theorem [2.1]in Appendix [D|we show that the regret for a generic polynomial p¢ defined by
coefficients cg.,, 18

T
D lye =3l < Cn®Vdoulle]i VT + Cmax p, (V)| T?,
t=1

Regret from learning No

Unlearnable Error Term

where D is the region where A is allowed to have eigenvalues (see Theorem [D.T)). Therefore, to get
sublinear regret, we must choose a polynomial which has bounded ¢; norm of its coefficients, while
also exhibits very small infinity norm on the domain of A’s eigenvalues.

Spectral Filtering: Proof of Theorem[2.2 In the case of spectral filtering, the domain is chosen so
that both Ry and N3 may be learned. Because spectral filtering learns N, it is able to accumulate less
error and hence achieves a better regret bound of O(T~3/13) as compared to regression’s O(7~2/13),
At a high level, the proof proceeds by exploiting the fact that p,, (A) shrinks the size of the learnable
domain. However this is not enough, in order to extend the result to systems where A may have
complex eigenvalues, the spectral filters must be eigenvalues of a new matrix, defined in Eq. [5,
whose domain of integration includes the possibly complex eigenvalues of A. To get the dimension-
independent regret bounds enjoyed by spectral filtering in this new setting where complex eigenvalues
may occur, the exponential decay of Z; from Eq. [5 must be established. This is nontrivial and
requires several novel techniques inspired by [12]. The details are in Appendix [E.1.1.

Theorem gives the main guarantee for the spectral filtering algorithm, which states that Algo-
rithminstantiated with some choice of polynomial p¢ (-) achieves regret

0 ((nllelh + 777 mae I @] ) -+ KA VT ).

Both this theorem, as well as our new guarantee for convex regression, leads us to the following
question: Is there a universal choice of polynomial p,, (x), where n is independent of hidden
dimension, which guarantees sublinear regret?



3.1 Using the Chebyshev Polynomial over the Complex Plane

For the real line, the answer to this question is known to be positive using the Chebyshev poly-
nomials of the first kind. In general, the n™ (monic) Chebyshev polynomial M, (z) satisfies
maxge[—1,1] | Mn(z)] < 2-("=1)_However, we are interested in a more general question over the
complex plane. Since we care about linear dynamical systems that evolve according to a general
asymetric matrix, we need to extending our analysis to Cg. This is a nontrivial extension since, in
general, functions that are bounded on the real line can grow exponentially on the complex plane.
Indeed, 2"~ M,,(x) = cos(n arccos(x)) and while cos(z) is bounded within [—1, 1] for any z € R,
over the complex numbers we have cos(z) = 3 (e* + e~%*), which is unbounded. Thus, we analyze
the Chebyshev polynomial on the complex plane and provide the following bound.

Lemma 3.1. Let z € C be some complex number with magnitude |o| < 1. Let M, (-) denote the
n-th monic Chebyshev polynomial. If | arg(z)| < 1/64n?, then |M,,(z)| < 1/2"72

We provide the proof in Appendix [F} We also must analyze the magnitude of the coefficients of the
Chebyshev polynomial, which can grow exponentially with n. We provide the following result.

Lemma 3.2. Let M, (-) have coefficients cg, . . . , ¢;,. Then maxy—g

.....

The proof of Lemma [3.2]is in Appendix [F} Together, these two lemmas are the fundamental building
block for universal sequence preconditioning and for obtaining our new regret bounds.

4 Experimental Evaluation

We empirically validate that convolutional preconditioning with Chebyshev or Legendre coefficients
yields significant online regret improvements across various learning algorithms and data types.
Below we summarize our data generation, algorithm variants, hyperparameter tuning, and evaluation
metrics.

4.1 Synthetic Data Generation

We generate N = 200 sequences of length 7" = 2000 via three mechanisms: (i) a noisy linear
dynamical system, (ii) a noisy nonlinear dynamical system, and (iii) a noisy deep RNN. Inputs
up.t ~~ N(O, I)

Linear Dynamical System. Sample (A, B, C) with A € R309%3% haying eigenvalues {z; } drawn

uniformly in the complex plane subject to Im(z;) < Tonresh and L < |2z;| < U, and B, C € R3%.
Then
Xt:AXt,1 —l—But, yt:CXt+€t7 GtNN(0,0'2I).

Nonlinear Dynamical System. Similarly sample (A, B, C) and (A3, B,) with A; € R10%10,
B;,C € R'C. Then

X§0) = A1x;1 + Biuy, Xgl) = a(xgo)), Xy = A2X§1) + Bouy, y; = Cxy + €.

Deep RNN. We randomly initialize a sparse 10-layer stack of LSTMs with hidden dimension 100
and ReLU nonlinear activations. Given u;.r we use this network to generate y.7.

4.2 Algorithms and Preconditioning Variants
We evaluate the following methods: (1) Regression (Alg.[2) , (2) Spectral Filtering (Alg.[3) , (3)
DNN Predictor: n-layer LSTM with dims [d1, . .., d,], ReLU.

Each method is applied with one of:

1. Baseline: no preconditioning

2. Chebyshev: c., are the coefficients for the nth-Chebyshev polynomial. Note that when
n = 2 we have cg = 1 and ¢; = —1 and therefore this is the method of differencing
discussed in the introduction.



3. Legendre: cy., are the coefficients for the nth-Legendre polynomial
4. Learned: cy., is a parameter learned jointly with the model parameters

We test polynomial degrees n € {2, 5, 10, 20}. This choice of degrees shows a rough picture of the
impact of n.

Hyperparameter Tuning. To ensure fair comparison, for each algorithm and conditioning c variant
we perform a grid search over learning rates € {1073,1072, 107!}, selecting the one minimizing
average regret across the IV sequences. In the case of the learned coefficients, we sweep over the 9
pairs of learning rates (nmodela ncoefﬁcients) € {10_37 10_27 10_1} X {10_37 10_23 10_1}-

4.3 Results

Tables 24 report the mean + std of the absolute error over the final 200 predictions, averaged
across 200 runs. In the linear and nonlinear cases we train a 2-layer DNN (dims (64, 128)); for
RNN-generated data we match the 10-layer (100-dim) generator.

Key observations:

* Preconditioning drastically reduces baseline errors for all algorithms and data types.
* Chebyshev and Legendre yield nearly identical gains.

* For Chebyshev and Legendre, once the degree is higher than 5—10 the performance degrades
since ||c[|; gets very large (see our Lemma [3.2 which shows that these coefficients grow
exponentially fast).

» Improvements decay as the complex threshold 7¢y,,05n increases, consistent with our theoret-
ical results which must bound Im(z;).

 Learned coefficients excel with regression and spectral filtering but destabilize the DNN on
nonlinear and RNN-generated data.

Setting Baseline Chebyshev Legendre Learned
Deg. 2 Deg. 5 Deg. 10 Deg. 2 Deg. 5 Deg. 10 Deg. 2 Deg. 5 Deg. 10 Deg. 20

Regression
Tthresh = 0.01 0.74 +£0.28 |0.254+0.09 0.15+0.07 0.77+031 [0.36+0.13 0.14+0.06 0.64+026 |0.52+0.19 027 £0.11 0.17 +0.07 0.24 £ 0.09

Tthresh = 0.1 1.92 +£0.81 |0.84 £0.27 0.66 +0.18 1.90+0.67 |1.10+040 0.63 +0.17 1.66 £0.58 |1.34 £043 0.57 £0.14 0.55+0.14 0.56 £0.14s
Tthresh = 0.9 247 4+089 |1.59+0.56 2.18+0.79 2.68+048 |1.64+0.58 1.94+070 2.63+045 |1.73+£0.59 0.83+025 0.68+0.27 0.63 +0.26

Spectral Filtering
Tthresh = 0.01 594 +337 [1.72+£095 0.69+038 325+1.79 |2.78 +1.56 0.66+0.36 2.74+1.51 |1.99+094 0.54+0.29 0.55+0.25 0.61 +£0.25
Tehresh = 0.1 0.89+034 |042+0.11 0.34+0.07 0.86+028 |0.54+0.17 0.33+0.07 0.76+024 |0.69+028 0.31+0.06 0.37+0.08 0.45+0.28
Tthresh = 0.9 10.17 +8.80 [9.87 =8.90 12.66 +8.18 32.90 +22.029.42 +8.39 11.53 £7.46 28.83 £19.24 |7.93 +4.42 631 £4.19 5.73+3.80 5.86+4.02
2-layer DNN

Tihresh = 0.01 449 £2.02 |231+118 2.62+152 1036+6.05 [2.79+1.34 235+135 892+520 |2.89+1.24 1.56+£0.64 0.79+025 0.40+0.16
Tthresh = 0.1 941 +£734 (266176 1.52+0.72 4.65+3.03 |424+3.06 1.44+071 4.03+264 |654+432 322+193 1.59+095 0.80+0.48

Tihresh = 0.9 245+131 (224 +134 3494227 11484815 2174125 3.10+£200 997 +7.05 |129+066 0.71+034 043 +0.18 0.24 +0.11

Table 2: Linear dynamical system data (detailed in Sec. |4._1) across varying complex threshold 7ipyes.

Setting Baseline Chebyshev Legendre Learned
Deg. 2 Deg. 5 Deg. 10 Deg. 2 Deg. 5 Deg. 10 Deg. 2 Deg. 5 Deg. 10 Deg. 20

Spectral Filtering
Tthresh = 0.01 153.8 157 | 43.7£194 0.92+031 0.26+0.15| 78.4+347 2.82+1.17 0.34+0.19 | 1.04+0.29 0.07£0.03  0.05+0.03 0.07+0.03
Tthresh = 0.01 124.1+ 684 | 334+173 2.02+123 0.36+0.31 | 56.7+30.5 3.81+1.67 0.35+£0.26 | 2.85+1.13 0.04+0.01 0.02+0.01  0.07+0.02

Tihresh = 0.9 165.5+ 84.5 | 43.41+ 1639 1.27+0.37 1.90+0.80 | 76.9+29.1 3.32+ 1.09 1.64+0.69 | 1.79+ 0.61 0.10+0.04  0.12+0.05 0.1740.07
2-layer DNN

Tihresh = 0.01 10.46+5.10 | 3.45£1.19  0.19+0.16 0.43+0.22|3.55+1.56 0.18+0.14 0.3740.19 | 4540+ 11.35 25.3449.06 12.73+:4.60 6.43+2.32
Tthresh = 0.1 4.20+ 1.10 3.38+0.79 0.14+0.05 0.41+£0.16|3.42+0.79 0.25+0.14 0.36+0.13 | 67.70+£28.40 31.994+ 11.78 15.95+5.87 8.01+ 2.95
Tihresh = 0.9 6.72+235 | 245£1.12  0.08+0.03 0.28+0.15|3.35£0.98 0.20£0.07 0.2440.13 | 58.65+£ 17.09 28.74+8.07 14.39+4.06 7.26+ 2.05

Table 3: Nonlinear data (detailed in Sec. @ across varying complex threshold Tipyres.



Setting Baseline Chebyshev Legendre Learned

Deg. 2 Deg. 5 Deg. 10 Deg. 2 Deg. 5 Deg. 10 Deg. 2 Deg. 5 Deg. 10 Deg. 20
10-layer DNN 0.54+0.23|0.29+0.10 0.08+£0.03 0.134+0.05|0.37 £0.14 0.09£0.03 0.12+0.04 | .49+ 093 2.13+1.05 1.04+051 0.5 +£0.24

Table 4: Performance (average absolute error of the last 200 predictions) of a 10-layer DNN (detailed

in Sec. on data generated from the same model (detailed in Sec. |4.1).

4.4 ETThl Dataset

To evaluate whether our proposed preconditioning approach generalizes to real-world time series,
we conduct experiments on the well-established ETTh1 dataset from the Electricity Transformer
Temperature (ETT) benchmark [41]]. The ETTh1 dataset consists of continuous hourly measurements
of load and oil temperature collected from electricity transformers and has been used in several recent
works [41}39] 351 241 251 140, [34].

We study the effect of preconditioning on a 10-layer LSTM with hidden dimension 100 per layer
using the Adam optimizer. We set the horizon to be 7' = 5000 and we sweep over a broader range of
learning rates 7 € {1077 },_0 1 2,3,4,5. As before we consider (i) no preconditioning (baseline), (ii)
fixed Chebyshev coefficients, (iii) fixed Legendre coefficients, and (iv) coefficients learned jointly
with model parameters.

As seen in Figure[T] preconditioning with Chebyshev and Legendre for degree 5 the best performance
after only the first 1000 iterations, while the performance of jointly learning the coefficients is worse
at this stage. The performance of all three preconditioning methods are roughly on par with each
other by 2500 iterations and by the full horizon 7" = 5000, jointly learning the coefficients results in
the best average prediction error.

5 10 1 5 10 1 5 10
Degree of Preconditioning Polynomial Degree of Preconditioning Polynomial Degree of Preconditioning Polynomial

(a) Early Stage: 7' = 1000 (b) Middle Stage: T" = 2500 (c) Final Stage: T' = 5000

Figure 1: Absolute prediction error on final 200 predictions averaged over 10 independent runs for
10-layer LSTM with layer dimension 100 using Adam optimizer and sweeping over learning rates for
each run.

5 Discussion

There are many settings in machine learning where universal, rather than learned, rules have proven
very efficient. For example, physical laws of motion can be learned directly from observation data.
However, Newton’s laws of motion succinctly crystallize very general phenomenon, and have proven
very useful for large scale physics simulation engines. Similarly, in the theory of mathematical
optimization, adaptive gradient methods have revolutionized deep learning. Their derivation as a
consequence of regularization in online regret minimization is particularly simple [21]], and thousands
of research papers have not dramatically improved the initial basic ideas. These optimizers are, at the
very least, a great way to initialize learned optimizers [38].

By analogy, our thesis in this paper is that universal preconditioning based on the solid theory of
dynamical systems can be applicable to many domains or, at the very least, an initialization for other
learning methods.
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NeurlIPS Paper Checklist

1.

Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We claim a rigorous new method for sequence preconditioning that improves
upon the classical differencing method in theory and practice.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Throughout we demonstrate understanding of the limitations of our approach,
such as restricting our results to linear dynamical systems with bounded imaginary part of
the transition matrix.

. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Our main theoretical results are Theorems [2.T]and [2.2] in which the assump-
tions made are stated. We give only proof overview in main paper, but complete one in
appendix.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Yes, we describe our algorithms completely in[2 and [3. Our code repository
will also be open sourced.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: A link to the code will be provided in the final version. However, we omit the
GitHub repository with all of our code at the moment in order not to violated the double
blind policy and keep the paper anonymous.

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Experiment details are expansively explained in section[d]and the appendix.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: all our graphs include error bars and statistical significance.

. Experiments compute resources
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10.

11.

12.

13.

14.

15.

16.

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification:

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The paper conforms simply in every respect with the NeurIPS Code of Ethics
as explained.

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: [NA]
Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA]
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All previous work is fully credited and cited throughout.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: Our new assets are well documented and the documentation is provided.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA|

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA]
Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: [NA|
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A Related work

Preconditioning for sequence prediction. Preconditioning in the context of time series analysis
has roots in the classical work of Box and Jenkins [14]. In this foundational text they propose
differencing as a method for making the time series stationary, and thus amenable to statistical
learning techniques such as ARMA (auto-regressive moving average) [[10]. The differencing operator
can be applied numerous times, and for different lags, giving rise to the ARIMA family of forecasting
models.

Identifying the order of an ARIMA model, and in particular the types of differencing needed to make
a series stationary, is a hard problem. This is a special case of the problem we consider: differencing
corresponds to certain coefficients of preconditioning the time series, whereas we consider arbitrary
coefficients.

Background on control of linear dynamical systems. Linear dynamical systems are the most
fundamental and basic model in control theory, and have been studied for more than a century. For a
thorough introduction, see the texts [13} 142} 28].

A rigorous proof that the Cayley-Hamilton theorem implies that dj, learned closed-loop components
are sufficient to learn any LDS is given in [7, 27].

The seminal work of Kalman on state-space representation and filtering [30] allows one to learn any
LDS with hidden-dimension parameters under stochastic and generative assumptions. Closed-loop
auto-regressive learning subsumes Kalman filtering in the presence of adversarial noise, see e.g. [32].
[23] provide a method to learn a marginally stable LDS in the presence of bounded adversarial noise
and asymmetric matrices, however their regret bound depends on the hidden dimension of the system.
More recently, [[11] use tensor and moment-based methods to learn a LDS with stochastic noise
without dependence on the system’s condition number. However, their algorithmic complexity still
scales polynomially with the hidden dimension.

In this work we consider regret in the context of learning linear dynamical systems. This is related to,
but different from, control of the systems. We survey regret minimization for control next.

Regret for classical control models. The first works addressing control in the machine learning
community assume either no perturbation in the dynamics at all, or i.i.d. Gaussian perturbations.
Much of this work has considered obtaining low regret in the online LQR setting [2} 119|133} 18] where
a fully-observed linear dynamic system is driven by i.i.d. Gaussian noise via ;11 = Ax;+Bu;+w;,,
and the learner incurs constant quadratic state and input cost {(z,u) = $z' Qz + fu' Ru. The
optimal policy for this setting is well-approximated by a state feedback controller uy = K, where
K is the solution to the Discrete Algebraic Riccati Equation (DARE), and thus regret amounts to
competing with this controller. Recent algorithms [33} (18] attain v/7 regret for this setting, with
polynomial runtime and polynomial regret dependence on relevant problem parameters. A parallel
line of work by [[17] establishes /7 regret in a variant of online LQR where the system is known
to the learner, noise is stochastic, but an adversary selects quadratic loss functions ¢; at each time ¢.
Again, the regret is measured with respect to a best-in-hindsight state feedback controller.

Provable control in the Gaussian noise setting via the policy gradient method was studied in [22].
Other relevant work from the machine learning literature includes tracking adversarial targets [1].

The non-stochastic control problem. The most accepted and influential control model stem-
ming from the machine learning community was established in [4]], who obtain v/7-regret in the
more general and challenging setting where both the Lipschitz loss function and the perturbations
are adversarially chosen. The key insight behind this result is combining an improper controller
parametrization known as disturbance-based control with online convex optimization with memory
due to [9]]. Follow-up work by [6] achieves logarithmic pseudo-regret for strongly convex, adversari-
ally selected losses and well-conditioned stochastic noise. Further extensions were made for linear
control with partial observation [36]], system identification with adversarial noise [[16l], and many
more settings surveyed in [28]].

Online learning and online convex optimization. We make extensive use of techniques from the
field of online learning and regret minimization in games [[15} 26]. Following previous work from
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machine learning, we consider regret minimization in sequence prediction, where the underlying
sequence follows a linear dynamical system.

Spectral filtering for learning linear dynamical systems. The spectral filtering technique was
put forth in [29] for learning symmetric linear dynamical systems. In [27], the technique was
extended for more general dynamical systems using closed-loop regression; however, this required
hidden-dimension parameters and polynomial dependence on the approximation guarantee. Spectral
filtering techniques were recently used in non-linear sequence prediction, notably in the context of
large language models, albeit with no theoretical guarantees [7]. As convolutional models, these
methods are attractive for sequence prediction due to faster generation and inference as compared to
attention-based models [15]].

While several methods exist that can learn in the presence of asymmetric transition matrices [30, (11}
23], their performance depends on hidden dimension. On the other hand, spectral filtering methods
[29] achieve regret which is independent of hidden dimension, even for marginally stable systems.
However, these spectral filtering methods were limited to systems with symmetric transition matrices.
In contrast, real-world dynamical systems often have asymmetric transition matrices with large
hidden dimension, necessitating a more general approach. In this paper, we provide such an approach
by extending the theory of spectral filtering to handle asymmetric systems, as long as the complex
component of their eigenvalues is bounded.

In this paper we dramatically improve the spectral filtering technique and broaden its applicability in
two major aspects: First, for general asymmetric linear dynamical systems we remove the dependence
on the hidden dimension. Second, we improve the dependence of the number of learned parameters
from polynomial to logarithmic. z

B Memory Capacity of Linear Dynamical Systems

The hidden dimension dj, which is the dimension of the transition matrix A, plays a significant role
in the expressive power of LDS. One of the most important features of the hidden dimension is that
an LDS can memorize and recall inputs from up to dpiqgen iterations in the past.

This can be seen with the system where B, C are identity, and A is given by the permutation matrix

00 --- 01
10 --- 00
o1 -~ 00
perm __
dhidden . . '.' . o
00 -~ 00
o0 --- 10

which implements the memory operator y; = u;_g4, . Observe that any method which uses fewer
than dpiggen parameters will fail to implement this memory operator and therefore, for general linear
dynamical systems, dhiqqen parameters are necessary.

Seemingly, this contradicts our promised results, which allows for learning a general LDS without
hidden dimension dependence. The explanation is in the spectrum of the system. Notice that the
eigenvalues of the permutation matrix A above are the dpjggen roots of unity given by

2mik
ALy ooy Ndyggen € {e Tk =1,2, -~-7dhidden}-

Note that these eigenvalues have complex component as large as 1 — 1/dhidden-

Although in general a LDS can express signals with dp;ggen memory, and thus intuitively might require
dhigden parameters, there are notable special cases that allow for efficient learning, i.e. learning the
LDS with far fewer parameters. A notable case is that of spectral filtering, which allows efficient
learning of a symmetric LDS with poly-logarithmic (in the desired accuracy ) number of parameters.
The significance of a symmetric transition matrix A is that it can be diagonalized over the real
numbers.

The natural question that arises is which asymmetric matrices can be learned by spectral filtering
efficiently, and which characterization of their spectrum allows for efficient learning?
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The answer we offer is surprisingly broad. For a LDS with transition matrix A, let Ay, ..., A4 be its
complex eigenvalues. We show that we can learn up to € accuracy any LDS for which the largest
eigenvalue has imaginary part bounded by m. We note that the spectral radius can be arbitrarily
close to, or even equal to, one. The only restriction is on the complex part, which is mildly constrained
as a logarithmic function of €.

As per the permutation matrix example, this dependence is necessary and nearly tight - if the imaginary
component of the eigenvalues of A becomes large, any learning method requires parameterization
that depends on the hidden dimension of the system.

C Online Version of Preconditioning

Algorithm 4 Universal Sequence Preconditioning (Online Version)

1: Input: sequence prediction model fp with initial parameter 6°; loss function £(-); preconditioning
coefficients cy.,,.

2: fort =1toT do

3:  Receive uy

4:  Predict

n
S/t = —Zijtfj + f@t (ulttvylztfl)
j=1

5:  Observe true output y; and suffer loss ¢ (¥, y¢).
Update via projected gradient descent

gt projx (Gt — nth)Et(yt,yt))

&

7: end for

D Proof of Convolutional Preconditioned Regression Performance
Theorem [2.1]

We will prove Theorem first by proving the general result of Algorithm [2 for any choice of
preconditioning coefficients cg.,,. Then we will apply the Chebyshev coefficients to the result to get
Theorem[2.1] For convenience, we restate Theorem [2.1]here.

Theorem D.1 (General Form of Theorem2.1). Let {u;};_, € R% be any sequence of inputs

which satisfy ||ui|l2 < 1 and let {yt}z;l be the corresponding output coming from some linear
dynamical system (A, B, C) as defined per Eq.|l| Let P diagonalize A (note P exists w.lo.g.) and
let k = ||P|||P~L|. Assume that |B||||C||& < Clomain- Assume that ||B||||Cl||5 < Cliomain- Then
the predictions y1, . . ., yr from Algorithm|2| satisfy

T

. 3
S 1190 = ¥ills < Ciman (31 allliVT + s [55ONIT?).
t=1 ACA(A)

Proof of Theorem For the remainder of the proof we will denote
n n
yi(Q) = — Zci}’tﬂ' + Z Qjui—j,
i=1 =0

so that Algorithmoutputs vi = ¥:(Q"). Recall we define the domain
K= {(Q07 ceey anl) s.t. ||QJ|| < Cdomainnllclll} .

For convenience, we will use the shorthand Q to refer to (Qo, . .., Q,—1). First we prove that the
regret of Algorithm[2|as compared to the best Q* € K is hindsight is small. Then we prove that the
best Q* € K in hindsight achieves small prediction error. Let

G Q%IIVQ +(Ql,
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and let . )
D= — .
QI Q" — Q7
By Theorem 3.1 from [26],

T T
3
,(Q% — min Y 4(Q*) < SGDVT.
; +(Q") Q*GK; Q) = 3
Therefore it remains to bound D and G. First we bound D. By definition of /C,

D= ma 1 2
Jmax Q- Q2

:(Qéw---’QLl)r»I(%}g ..... > ek H(Qow~- Q 1) — (QOV"WQ%fl)”

n—1
>Q) - Ql
=0

2C’domainn2 ||C||1

IN

IN

Next we bound the gradient. Recall that
6(Q) = [[y¢(Q) =yl

n n
= - Zciypi + Z Qjui—; — yilh-
i=1 =0

Note that, in general, Va || Ax — b||; = sign(Ax — b)x . Since ||xy " ||r < |x|l2/|y||2 we have

IVaf(A)lr < Vx|,

where d is the dimension of b. Using this and the assumption that for any ¢ € [T, < 1, we
have

”VQigt ||F AV oul”ut zH2 > 0ut~
Therefore,

G = Vol (Q! < ot
gg%zillat(Q)IlF_n "

Thus we have a final regret bound
3
th - HllIl éf(Q ) S §Cdomainn2 V dout”c”lﬁ-

Next we show that if (uy.7, y1.7) is a linear dynamical system parameterized by (A, B, C), then for
any t € [T,
in 4;(Q*) < ||C]|||B -T
Snin +(Q") < [IC[lIB]l - s \pn( |-,

where p, denotes the polynomial
n
pe(2) €3 e,
i=0

and A\(A) denotes the set of eigenvalues of A. Indeed, if (u1.7, y1.7) is a linear dynamical system
parameterized by (A, B, C) then

t
Y = Z CA'*Bu,.

s=1
With some linear algebra we get that convolving y.;—, with coefficients cg.,, results in

n—1 s t—m—1

fjciyt,FZZciCAS-iBut,ﬁ Y Cri(A)ABui, .,
=0

s=0 i=0 s=0
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or equivalently (since ¢y = 1 due to the assertion in Algorithm [2),

n—1 s t—nm—1
zz:clyt l+’§£:zzzcl [&s z]But 54_ :E: (jpn Af}3ut7n7&
s=0 1=0
Set QS = Zf:o c,CA*~‘B and set Q = (Qo,...,Qn,l). Since we assumed

Jj=0

Qi < DI ICA™ B < [CIIBIY_ lejl < Caomainnillells
j=0

Therefore Q € K. Moreover,

n n—1
V:Q) —ye=[-D ciyini+ > Qi
i=1 =0

n n—1 s t—nm—1
- (— D ciyici+ Y Y cCABuy_, + Z Cpt(A ASBut_n_S>
i=1 s=0 i=0
t—n—1
= Cpi (A)A°Buy_y—s.
s=0
Therefore, ||§:(Q) — y¢[1 = || Zt "1 CpS (A)A*Buy_,,_,||1. Let A be diagonalized by some
P so that
A =PDP !,

where D is the diagonalization of A and let x = ||P||||P~!||, note that we can assume this w.l.0.g.
since the set of dagonalizable matrices over the complex numbers is dense and therefore if A is not di-
agonalizable we may apply an aribtrarily small perturbation to it. Then since max;c[q,) |\;(A)| < 1,

|Cp5(A)ATB| = Py (D)D/P'B|

< masc [P}, (D) ICIIPP=t Bl
< -[Cll|IB||#-
< e (A1 -lIClBll

Thus,

A A _ < .
[9¢Q) = velly < [ClIBll- max b5 T

and so (recalling that we showed Q € K),
T T X
min Yy 4(Q") < th(Q)
Q*ek =
= Z ||Yt =il
< IICIIIIBHH REv s, (M- T2
Since Cyomain > ||C||||B]|x we conclude,
d 3
> 4(Q") < Caomain (2n2\/doul|c|1x/f+ max p;i(A)|T2>.
p AEA(A)

Next we choose c to be the coefficients of the n-th monic Chebyshev polynomial to get the original
theorem, Theorem [2.1] restated here for convenience.
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Theorem (Restatement of Theorem 2.1). Let {ut}thl € R% be any sequence of inputs which

satisfy |[[us]|2 < 1 and let {yt}thl be the corresponding output coming from some linear dynamical
system (A, B, C) as defined per Eq. [1. Let P diagonalize A (note P exists w.l.o.g.) and let
k= ||P||||P~!|]. Assume that |B||||C|/x < Cuomain- Let A1, ..., A4, denote the spectrum of A. If

-2

3/2
max |Arg()\;)] < <6410g2 <8T >> ,

Jj€ldn] 3V dout
then the predictions y1, ...,y from Algorithm@where the preconditioning coefficients cy.,, are
chosen to be the coefficients of the n-th monic Chebyshev polynomial satisfy
T 2
1 . 9C jomain vV dout log5 (3T)
T Z HYt _ YtHl < omain TQ(/)T?) 2 )
t=1

Proof. From Theorem we have

T
3

Z&(Qt) < Clomain 777‘2\/ dout‘lc‘ll VT + max ‘p;()\)uﬂ .

p 2 AEA(A)
By Lemma if for any eigenvalue A of A, |arg()\)| < 1/64n? then

1
s < .
Agg%ﬁ)lpn( = 5

Moreover, by Lemma llc|ly < 2937, Thus the Chebyshev-conditioned predictor class satisfies

T
th(Qt) < Clomain (2”2 V dothO'Bn\/T‘i’ 2(n2)T2> .
t=1

Picking
10 8
=1 T3/?
BEEE R (:WT ’
we get
10/13
ZT:@(Qt) <2 3(lolog ( 8 T3/2>)2\/d7 43/1311/13
et - 2\ 13 °2 3V dowt out
< 9Cdomain \/ dout l0gy (3T)2TH/13.

Dividing both sides by T' we get the stated result. -

E Proof of Theorem 2.2

First, we prove a more general form that holds for any choice of cy.,, and resulting polynomial p},.

Theorem E.1. Let {ut}th1 € R be any sequence of inputs which satisfy ||usll2 < 1 and

let {yt}z;l be the corresponding output coming from some linear dynamical system (A, B, C)
as defined per Eq.|l. Let P diagonalize A (P exists w.l.o.g.) and let k = ||P|||P71|. Let
B,, = maxqcc, |5 ()| Let C > 0 and c > 1 be universal constants. If

Rg = [|C|IB]l[[c[lx
Ry > Clog(T)1/6T7/6HC||HB”HBn

k > 6log(T)log (RM/\/@6> /log(c)

then the predictions §1, . ..,y from Algorithm|3| satisfy

T
5@ M) < 1+ CICB (nllels + log* (177 mae o (@)]) -+ K)o VT
o B

t=1
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Critically, we observe that the guaranteed regret bound does not depend on the hidden dimension of
the dynamics matrix A. While the general version of Algorithm [3]is interesting in its own right, we
show that by choosing the coefficients of the algorithm to be the Chebyshev coefficients we obtain
sublinear absolute error when the signal comes from a linear dynamical system.

Theorem (Detailed Version of Theorem [2.2). Let {ut}tT:1 € R% be any sequence of inputs

which satisfy [[us]|ls < 1 and let {yt}thl be the corresponding output coming from some lin-
ear dynamical system (A, B, C) as defined per Eq. |I Let P diagonalize A (P exists w.l.o.g.) and
let « = |[P||[|P~!|. Let B, = maxacc, |pS()|. Let C > 0 and ¢ > 1 be universal constants.
Suppose that

Rq = |C[[[[Bllcl,

Ry > Clog(T)V°T™°||C||B||x B,

k > 6log(T)log (RM/MG) /log(c),

and moreover that for any eigenvalue, \;, of A

8T3/2 -2
max |arg(A;)| < (6410 e ,
Jeig larsQ)l < ( g2(3\/dout)>

then the predictions y1,. .., y7 from Algorithm |3 where the preconditioning coefficients ¢y, are
chosen to be the coefficients of the n-th monic Chebyshev polynomial satisfy

T
1 . 5 (IClBll=
TZH}’t—Ytul < O(T3/13 )
t=1

where O(-) hides polylogarithmic factors in 7.
Proof. From Theorem |D.I|we have

T
S 6@ M) < 1+ C|c|B] (n|c|1 T log?(T)T™ max |pz<a>|) (n+ k)V/dou VT

C
=1 aclp

By Lemma if for any eigenvalue A of A, |arg()\)| < 1/64n? then

CN)| < ——.
s PRV < 5o

Moreover, by Lemma llc|li < 2937, Thus the Chebyshev-conditioned predictor class satisfies
T
> 0(Q) < 1+ CICIIB] (n22 + 10g*(@)T7/%27 ) (0 + k) /douV T
t=1

Picking
1
n= l—g log, (4 logQ(T)TWG) ,

we get
) ) ) 3/13
n2203n 4 10g?(T)T7/02- (=2 < 2 (4 log (T)T7/6) < 4n2log(T)T7/?,

and therefore

T
3 0(Q") < 4C|IC||IB[n®ky/dow log(T) T2,
t=1

Observing that both n and k are bounded polylogarithmically in 7" and dividing both sides by T" we
get the stated result. |
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Remark on the loss function. The reader may notice we use the /1, or absolute loss, rather than
Euclidean or other loss functions. All norms are equivalent up to the (output) dimension, and thus
learning to predict as well as the best linear dynamical system in hindsight is meaningful in any norm.
However, we make this technical choice since it greatly simplifies the regret bounds, and in particular
the bound on the gradient norms, which is technically involved. We conjecture that sublinear regret
bounds are attainable in other norms as well, and leave it for future work.

We prove Theorem |2| on an (equivalent) algorithm, where we rescale the parameter M; by VT
and the input (¢;, U(t—p—i)1) by 1 / V/T. We account for this rescaling by increasing the size of the

domain for M by v/T'. The proof of Theoremproceeds in two parts. The first is to show that any
linear dynamical signal is well approximated by a predictor of the form in Algorithm E y(Q,M)
where (Q,M) € K.

Lemma E.2 (Approximation Lemma). Suppose y;.7 evolves as a linear dynamical system charac-
terized by (A, B, C) as in Eq.[I} Consider domain

K={(Qi,....QuM,...,Mg)st |Qi] < Rg, and |[M;| < Ru}.

Let P diagonalize A (P exists w.1.o.g.) and let = ||P|[|[|[P~!||. Let B,, = maxqec, |pS(a)|. Let
C > 0 and ¢ > 1 be universal constants. If

Rg = [|C|IB]l[[c[lx
Ry > Clog(T)Y°T7/%||C||[|B]|KB,
k > 6log(T)log (RM/\/dome) /log(c)

then there exists (Ql, oty Qu, My, ... ,1\7Ik) € K such that for prediction (as in Algorithm

n n k
WA A 1 - N
Je(QM) == ciyii+y Qi+ 7T > Mg no1a,
i=1 7=0 =
it holds that
Iye —yillh < e

Lemma|[E.2/is the heart of the result and requires several pages of proofs and novel ideas to establish
the result. We therefore dedicate Section [E.T]to its proof.

The next result provides the regret of Online Gradient Descent when compared to the best (Q*, M*) €
K.

Lemma E.3 (Online Gradient Descent). Recall the domain K in Algorithm [3|be
K={(Q1,...,Qn,My,...,My)s.t. ||Q;]] < Rgand||M;|| < Ru}.

Given coefficients ¢y, let p&(z) = z™ + c1z" 1 + .- 4, and let r denote the maximum absolute
value of the coefficients. The iterates ;! output by Algorithm satisfy

T T
3
0,(Qf,M*) — min 0,(Q", M*) < Z(nRo + kR )(n + k)v/dowVT.
STA(@MY) — min STA(QM) £ S+ )+ )Y
Proof of Lemma[E3] Let G = maxc(r) || Vq,m/:(Q, M")| and let

D = (QlaMl)i(Q27M2)H'

max I
(Q+,M1),(Q2,M?)ek
By Theorem 3.1 from [26],

T T 3
0,(QF,M*) — min 0,(Q*,M*) < SGDVT.
; QM) <Q*,M*>e,<; (Qr M) < 2
Therefore it remains to bound G and D. By definition of /C we have

D < TLRQ + kR
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For G we compute the subgradient at any Q; and M;. Note that, in general, Va ||Ax — blj; =
sign(Ax — b)x . Since ||xy "||r < [|x]|2]|y]l2 we have
IVaf(A)llr < Villx]2,

where d is the dimension of b. Using this and the assumption that for any ¢ € [T, |[u|l2 < 1, we
have

||VM_]-€t(Q, M)H < \/%||¢;ﬁt—n71;1T71/2”

< v dout||¢j||1Hﬁt—n—l:lHooT71/2
S V dout' (”ﬁtfnfl:lHoo é 1 and ||¢J||1 S \/TSiIlCC ||¢J||2 é 1)
Next,
”VQigt ”F = \/z”ut ZH2 < dout-
Therefore,

G = ig?ﬁ Vi & (Q , M)[[p < (n+ k)v/dou-

Therefore we have

3
t gt
E 4:(Q, M") (Q*Hl\l/}n)e)c g 4(Q ) < §(nRQ + kR )(n+ k) dowVT.

Combining Lemma[E.2]and Lemma [E-3| proves Theorem [2.2]

Proof of Theorem[2.2] By Lemma the iterates from Algorithm 3 (Q',M"), ..., (Q”,MT)
satisfy

3
t t
;et Q', M) (Q*nﬁn)eKZa ) < 5(nRQ+kRM)(n+k)\/oloutﬁ.
Next, if yj;.r comes from a linear dynamical system, by Lemma if
Ro > [ClIBlllcli, Rv = Clog(T)VST"/¢ maxaec, |p§(e)|[[CB| and

k> Clog” (T maxaec, |pS(@)|||CB||/(dowe)) (Where C' > 0 is a universal constant)
then there exists (Q, M) € K such that

T
S 6(QND) < oI
t=1

Since (Q, M) € K we must also have that

T
min £(QF, M*) < €T.
(Q*,M*)GK; {(Q M)

Therefore,

T T
> 6(Q, M) < min Zét(Q*, M*) + ;(nRQ + kR (n+ k)v/deuVT

po Q" M")eK £

3
< T+ - (nRQ + kRr)(n + k)\/dou VT
Plugging in the values for Rq and Ry and for k when e = 1/T we conclude

T

3
> 4(QM) < T + 2||C||B||<n||C||1
t=1

+Ctog? (T mae (@) ICIIBI ) T7° mae ) ) 0+ 1) VT
o B

< 1+C|Cf|B] <n||0||1+10g2( )7/ max |p(« > (n +k)V/douV'T.
n
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E.1 Proving Approximation Lemma [E.2

The difficult result to prove is Lemma As discussed in Section [3, any signal from a linear
dynamical system can be broken down into two parts: a linear autoregressive term and a spectral
filtering term (see Eq (3)). The “spectral filtering term” is 22;371 Cp,(A)A*Bu;_,,_s. Wecall it
as such because its structure is amenable to spectral filtering. Indeed, we construct a set of spectral
filters that satisfy the following.

Lemma E.4. Let u(«) be as defined in Eq @) and Z be as defined in Eq (5) and let ¢, ..., d7—p
be the eigenvectors of Z7_,,. There is a universal constant C' > 0 such that

max () "¢;] < Clog(T)!/0T?/c73/018T,
aelp

The proof of Lemma [E.4]is inspired by previous spectral filtering literature but requires several key
and nontrivial adaptations to incorporate the polynomial pS (-), to argue that the new spectral filtering
matrix Z defined over a complex domain exhibits exponential eigenvalue decay, and to generally
extend the analysis to the case where the spectrum of A may lie in the complex plane. We prove both
lemmas in the subsequent subsections. With Lemma[E.4]in hand, we may prove Lemma[E.2]

Proof of Lemma Suppose y1.7 evolves as a linear dynamical system characterized by (A, B, C).
Then given inputs u.¢,

t
yi=» CA'"*Bu,.

s=1

With some linear algebra we get that convolving y.;—,, with coefficients cy.,, results in

n n—1 s t—n—1
Y ciyei=) Y ¢CA* Buis+ Y Cpi(A)ABup i,
i=0 5=0 i=0 5=0
or equivalently (since ¢y = 1 due to the assertion in Algorithm [2),
n n—1 s t—m—1
ye=—) c¥yiit ) > ¢iCABu,+ Y Cpi(A)A°Busn.  (6)
i=1 5=0 i=0 5=0

Set Q, = > 0 c;CA® "B and set Q= (Qo, o Qn,l) Then

1Qill < > Ie;ICA™ B < [[CIIBII Y _lc;l < lICHIBlllicl:.

j=0 j=0
Next we turn our attention to the spectral filtering parameters. Recall our definition of p,, («),

pla) =1 o ... at’"*l}T

and
def T
Us.1 = [ u U1 ... 111] .

(N
Let A be diagonalized by some P so that

A =PDP !,
where D is the diagonalization of A, note that we can assume this w.l.0.g. since the set of diagonaliz-

able matrices over the complex numbers is dense and therefore if A is not diagonalizable we may
apply an arbitrarily small perturbation to it. Recall the notation from Algorirthm[3 that Q1.1 is us.;
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padded so that it has shape (T'— n — 1) X dj,. Then,

t—n—1 t—n—1
Cpfz(A)AsButfnfs = CprL(D)DsP_lButfnfs

3

w
I
o
w
I
o

-1

n
3

CP (Z O (e P Te% emeT> P 'Bw_,_s

1
CPe,.e] P7'BpS (a)as, uy_p_

1

@..3 [V
= S
= o

~

w |

Il S

=] |

CPe,.e,, P "By, (m) @—n_11

1%

dn T—n
= CPemeTP 1Bﬂp" am Z ¢] Uip—1:1
m=1
(Orthonormahty of the filters)
T—n
— (Z CPe,.e, P 'By,, (am)T¢>j> ¢ Uyp_1:1.
j=1 \m=1
Therefore defining
dh
M; £ T2 3" CPepel P By, (am) ¢,
m=1
we have

t— 1 T—n

S~ s ¢Tutn11
;C AButngf;Miﬁ .

Next we bound the norm of M ;- Let S be the diagonal matrix with entries S, = fip,, (am)ngSj.
Note that M; = CPSP~'B. Recalling that pi,e (o) = pS (o) (),
M| = |T/*CPSP'B||
< T% max |pf, (cm)| | e, |(am) " 5] - ICI P[P~ "][[IB]-

mel[dp]
By Lemma[E.4] there are universal constants C' > 0 and ¢ > 1 such that

max ‘M(O‘)T(bﬂ < Clog(T)1/6T2/3c—j/6logT_
(XE(C,;

Therefore,

IM,|| < Clog(T)Y5T7/ max [y ()] ICHIP(P B - c7/0 s T

Therefore (Qo,...,Qn_1,Mi,...,M;) € K as long as Ro > ||C|IIBJlllc|li and Ras >

Clog(T)Y/5T7/% maxaec, [pS(a)|||C||||P][|[P~[/||B. Therefore, recalling Eq.@ we have shown,

n—1 s

chyt 1+ZZqut 9+ZM utnll

s=0 i=0

Observe that y(Q, M) is nearly identical to the above, but truncates the terms involving Mj after
J > k, where k is a fixed parameter input to Algorithm [3| Therefore,

}A’ (Q M) y %L M (b;rﬁt,n71:1
t\\2, — Yt = i =
J=k+1 VT
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Therefore, to bound the error we have
T—n
[7:(Q, M) — y¢ll2 = || Z M;d] U—n—1ya T2

j=k+1

T—n
= Z HMJ'H||¢;ru(t—n—1):1T_1/2H2
j=k+1
T—n
> IV Il ag—n—1ya T2
Jj=k+1
T—n
> v (16]l> = 1 and therefore |6 < vT)
j=k+1
TRy

< €/ dout- (For k > 6log(T) log (RM/ dome) /log(c).)

AN

IN

IN

IN

Finally,
1¥7:(Q,M) —y¢lli < Vidowl|y:(Q, M) —yifl2 < e

E.1.1 Proof of the Spectral Filtering Property Lemma[E.4

In order to prove Lemma [E.4] we require two further helper lemmas. The first is Lemma[E.5] which
roughly argues that the Lipschitz constant of a function f : Cg3 — R can be bounded by a polynomial
of the expectation of the function on Cg. The second is Theorem which argues that the matrix
Z from Eq.[5 that we use to derive the new spectral filters exhibits exponentially fast decay in its
spectrum. This is a nontrivial and novel proof that does not follow from previous spectral filtering
literature and, as such, we have chosen to use the word “Theorem” rather than “Lemma” to refer to it.

Lemma E.5. Let L > 0, gnax > 0and 0 < 8 < 1. Define
Cp={zeC: 2| <1, |arg(2)| < B},

and let F be the set of non-negative, L-Lipschitz functions f : Cs — R such that max.cc, f(z) =
Jmax- Then

feF 24 2

min/ f(z)dz > 0
Cs

Proof of Lemma 1. The extremal function. Fix f € F and choose z, with f(z,) = gmax-
Among admissible functions we consider only those that decrease as fast as the Lipschitz constraint
allows in every radial direction, replacing f by the extremal cone. Set

_ gmax

h = max_L — Zx% P =
() = Lo~ Lz = ml e o= O

Because 0 < h < f on Cg, it suffices to lower bound/ h.
Cs

2. Geometry around z,. It can be seen by Euclidean geometry, the point z, = 0 minimize the
volume of the intersection with C'g, up to a factor of 4, to make it the extremal function. It is depicted
in Figure 2. Notice that the area of the intersection is colored in blue, and it is particularly easy to
integrate over.

3. Integrating h.

B rr 593
/ h > // (9max — Lp) pdpdep = 62§x~
Cs 0 Jo

Since h € F, and is the extremal function, we obtain the Lemma statement. |
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Cone at origin Cone on boundary ray

Figure 2: The origin minimizes the intersection area up to factor i.

Theorem E.6. Given horizon T let

def

pla) =1 o ... aT_l]T

and

y
Zr Y

| wen@da,
aeCp
where @ € C denotes the complex conjugate and Cg = {z € Cs.t. |z| < land |arg(z)| < 6}.
There exist constants C' > 0 and ¢ > 1, independent of T', such that if 0;(Z) denotes the j-th largest
singular value of Z,

o; < OB-c¢3/18T oo T,

This proof is nontrivial and does not follow from previous results on Spectral Filtering due to the
fact that it is no longer a Hankel matrix. It also does not immediately follow from general work
on spectral decay, for instance [12]], since it does not have an obvious displacement structure. We
prove its spectral decay borrowing heavily from techniques from [12]], but we must introduce a novel
Gaussian quadrature argument that applies to the complex plane.

Proof of Theorem Observe that we can write Z j, as

Z;, = / 7Rz,
2€Cg

or, equivalently

Zjy, :/ / (re'?)I (re= )k rdrdo
re(0,1] JoeC,

_ / / P cos((j — k|6)drdf + i - sign(j — k) / / sin()j — k|)0)drdo.
ref0,1] JOeCs ref0,1] JOeCp

We will use Gaussian quadrature in what follows. We have two non-standard features that we must
manage. First, it is commonly known that Gaussian quadrature with n nodes is exact when integrating
a polynomial of degree 2n — 1 or less. However, we need to ensure exactness when integrating a
trigonometric function. The second non-standard feature is that we are integrating a 2-dimensional
function, ie our domain is 2-dimensional specified by (r, #), while standard Gaussian quadrature
applies only to 1-dimensional functions.

For the first non-standard feature, [31]] shows that Guassian quadrature is still exact even when
integrating trigonometric functions. Specifically, they show that if the domain of integration is some

compact set C, then there there exist n + 1 weights w"®, ... w!™€ and nodes 61, . . ., ,, such that
for any f(6) which can be written in the form
F0) =" arsin(09) + Y by cos(6), (8)
=1 £=0
we have
n+1 )
F(0)d0 =" w8 f(0). ©)
vec 1
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Let £9%) (r,0) = r3+5+1 cos(|j — k|0) and £"* (r,0) = r3+5+1sin(|j — k|6). Using the above,
observe that both flj %) and s (%) can be written as polynomials in r and 6 with degree at most
2| — k| < 2T.

For the second nonstandard feature, i.e. that we are integrating over a 2-dimensional function, we can
use Tchakaloff’s Theorem, which is an extension of quadrature rules to general Borel measures on
R<. Given any positive Borel measure on R¢, 11, which has compact support, Tchakaloff’s Theorem
guarantees the existence of n 4+ 1 weights wy, ..., w,+1 and nodes vy, ..., v,+1 such that for any
polynomial P(x) on R¢ with degree at most 7,

n+1

dr) =Y w;P(v;). (10)
1=1

R

Since our measure is compactly supported (we have drdf integrated over a compact domain) we
have that there exist weights w?, . .. ,ng_H and nodes (r1,61), ..., (rer+1,027) such that for any

j.k < Tboth £ (r, ) and £9°F) (1) satisfy

£ ,0) = we P (e, 00
/re[o 1] /€ng Z )

Therefore
2T+1 n+1
Zj = Z (wfrﬁkﬂ cos(|j — k\@g)) + i sign(j — (Z wird T sin(|j — k|04)>
=1
2741

_ Z 2 ]+k+1 (cos((§ — k)0,) +isin((j — k)0y))
2T+1

_ Z w?rfk“ei(j_k)el
=1

2T+1

—ih,\ k
= E mele" (ree “94)

2T+1

_ 2 _jzk
= E Wpzy 2y,
=1

where zy &ef r¢e*% . We now proceed by using the same proof technique from [12]]. Indeed, we have
shown that Z has a so-called “Fiedler factorization”,

7 = KK*, (1)
where
w = [w war41],
z =z z2r+41] 5
K= [w diag(z)w (diag(z))*" ' w]
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Indeed,

N}
~

-1
(KK*)jk = (K)jl Ko,

[V}
~

Rl
I

(diag(z)jw)e (diag(z*)kw)e

[V
o~

2

R

(diag(z)’w), (diag(z*)"w),

Il
1M

N
~
L

— E J o =k
= ZpWezy Wy

|

N ~

<l
L

Let
0 -1

AY diag(z) and Q=

Observe that both A and Q are normal and
AZ - 7Q =sejr_i,

where s € C2T—! and eyp_; is the final basis vector (0,...,0,1). Therefore, by Theorem 2.1 from
[12], if E is a set containing the eigenvalues of A and F' is a set containing the eigenvalues of Q,
oj+k(Z) < Zi(E, F)o;(Z). (12)

Therefore, our next task is to separate the spectrum of A and Q. Let n = 27" + 1. As shown in [12],
Q has eigenvalues,

J(Q):{xe@:x:exp(Qwi(j—l—;)/n),O <j < n—l}.

Observe that for any = € 0(Q), |z| = 1. We will bound the Zolotarev number Z(E, F’) by showing
that the eigenvalues of A, i.e. {z1,..., zar+1} defined above have magnitude bounded away from 1.
This is a major departure from what is done in [[12] and provides a novel way of showing that matrices
with non-Hermitian Fiedler factorizations still exhibit spectral decay. We proceed by showing that
maxyepr—1) [re| < 1— 67 for 67 = ¢/(T + 1), where c is an absolute constant independent of 7.
To establish this bound, we use the fact that the quadrature nodes {r;} are the Gauss—Legendre nodes
on the interval [0, 1] with n = 2T 4 1 points. By definition of the Gauss—Legendre rule, these nodes
are obtained by an affine transformation of the zeros of the Legendre polynomial P, (x) on [—1, 1],
namely

o 14z,

= SR
where x,,1 < -+ < x,, are the ordered zeros of P, (x). For a proof of this fact see Section 3.6
of [37]. Theorem 3 of [20] provides sharp bounds on the extreme zeros of Jacobi polynomials.
Specializing their result to the Legendre case («w = 8 = 0), they show that the largest zero z, ,,

satisfies
1 3 < <1 1
VARG ) xn n T Aa’a. . aNo
4(n+1)2 ’ 2(2n 4+ 1)2

This inequality implies that the largest Gauss—Legendre node lies strictly below 1 by an amount
proportional to 1/n?. Substituting rmax = (1 + 2, ,)/2 and rearranging gives

Ty {=1,...,n,

1 11—z, c
— Tmax = sl
ma 2 (n+1)2
for some universal constant ¢ > 0. Recalling that n = 27" 4 1, we therefore have
c
w<1l— —.
fmax =57 o7 1)
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Hence every quadrature node ry lies strictly inside the unit interval and, consequently, each complex
node z, = rye’?* used in the factorization satisfies |z,| < 1 — o7 with 07 = ¢/(2T + 1)2.

We now use this to bound the Zolotarev number between our node set and the spectrum of Q). Let

E =o0(A)={z:z=re?% (=0,...,2T-1} and F =0(Q) = {eZﬂ(j+1/2)/n 2

Let

]D)dg{ze((::|z\<1} the open unit disk, and ng{ze((:ﬂz\:l}

its boundary. For p > 0 let

D, {zeC: |2/ <p}.

Consider the “Cayley transform”
142z
P(z2) =1 .
(2) =ig—
This Mobius map sends T \ {1} onto the real line R via ®(e*?) = cot(#/2), and maps the open unit
disk ID onto the open upper half-plane, with the identity

1|2
Im®(z) = T z€D
(see, for instance, [8, Chapter 3]).
Because F' contains €% where ; = (2j + 1)7/n we have
. n—1
O(F) = {m(%)} C (=00, —1/f] U [1/t,00),  t:= tan(%).
§=0

Hence the image of F' consists of two symmetric subsets of the real line, separated by the gap
(=1/t,1/¢).

The image of E under @ lies strictly above the real axis, since E C D, C D. Using the identity for
Im®(z), we find that for every z € E,

Im®(z) > 1—7p2 = n>0
- (1+4p)2 ’
and moreover
B(2)) < L = M
I—p

Thus
OE)C{weC:Imw >n, lw| <M},
a compact “cap” in the upper half-plane bounded away from R by the horizontal line Imw = 7.

To map this cap into the unit disk while keeping the real axis invariant, we use the Mobius transfor-

mation )

w—1in

1\ = .
n(w) w+ i

This function maps the line Im(w) = 7 to T and the region Im(w) > 7 to D. Therefore we have,

w—m| M-n  2p

U, (®(E) cD,, o= _
n(®(E)) p p |w\§1\12a1}1§1w2n w + in M+n 1+p2

< 1.

Observe that 1 — p’ = q;gf. Since ¥,, maps the real axis to T, the set ¥, (®(F)) lies on T and

consists of two arcs that are symmetric about 1, separated by the image of the real gap (—1/t,1/t).

Next, we apply the inverse Cayley transform
1+

(w) =it
which maps T \ {1} onto R (see Chapter 3 of [8]]). For any real z, one can compute that

T—1in

=i Lo _ 2
_xz—in "

1 x+1in n

(1]
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1

Hence the real gap (—1/t, 1/t) under this composition becomes the larger gap (—~,y) withy = % "3

Next we compose the this with the inversion map y — 1/y which sends R \ (—~, ) to
t n

[=1/7, =V, 1/7] = [*Q **} U [7, f} :

nt
Therefore, the image of F' under the overall Mdbius transformation A := y — 1/Z(¥, (®(y))) isa
pair of symmetric real intervals which have the same form of those considered in [12, Lem. 5.1]. The
Mobius transformations = and y — 1/y have real coefficients and therefore map circles and lines
symmetric with respect to the real axis to other circles or lines that are likewise symmetric (see [,
Chapter 3]). Hence, the image of ¥, (®(F)) under these maps remains contained in a disk that is

%;Z = 1i€)2 , we obtain
2
1+p2 7
Thus, after these transformations, the image of E lies inside a disk whose distance from the unit
circle is still of order 6%. For bounding purposes, we may replace this image by the concentric disk

D, since enlarging the inner set only increases Z (E, F).

symmetric about R. From the computation of p’ =

Because Zolotarev numbers are invariant under composition with Mdbius transformations (see [12,
Def. 2.3 and Sec. 5]), we may compute

Zp(E, F) = Zy (A(2(E)), A(2(F))) < Zi(Dp, [=n/t.—t/n] U [t/n, n/t]),
where we have used monotonicity in the inner set by replacing A(®(E)) with the larger disk D,

For this canonical configuration of a disk inside two symmetric real intervals, the classical Zolotarev
estimate—derived via elliptic function theory and stated in [12, Lem. 5.1]—implies that for absolute
constants C, C’ > 0,

Z < exp(—7r2 i )
- 2 log(C/7) + log(C'/(1—=p")) )’

where 7 :=t/n. Using t = tan(4~) =< 1/n,n = %ﬁ = 07, and 1 — p/ < §2., we compute
-1

1 1
log— = lognT =logn + log(1/61) + O(1), logipl = 2log(1/67) + O(1).
pu —

1

Therefore there is a universal ¢ > 0 such that

k k
ZL(E F) < — < —c— .
KB F) < exp( Clogn+log(1/5T)) - exp( Clog(4T3)>

Recalling Eq.[12] the result from [12]], we have

—k/log(T
oi+k < ¢ / log( )aj.

Given any index m > 2, either m is odd, m = 1 + 2k, or m is even, m = 2 + 2k. Then

C. c—2k/10gT .

Om = 0142k < 1

or

C. c—2k/10gT .

Om = 0242 < 2.

Either way, we can bound max {01, 02} by tr(Z). Recall

Zjy, :/ / (re®)7 (re= 0\ *rdrdd.
rel0,1] JOeCp

Evaluating this integral for j = k£ we get




Therefore,

tr(Z) = 452 ﬁ < 2831log(T).

Plugging this in, we conclude that for any j € [T7,
o; < CB- ¢/ loeT log T.

With Lemma [E.5|and Theorem [E.6|in hand, we are ready to prove Lemma[E.4]
Proof of Lemma Let

def

fila) = |o] pla)?,
I f;(a) is L-Lipschitz, letting gmax = maxaec, f;(e) by LemmalE.5]

BYax
fil@)da > ,
jQGCH j( ) 2412
1/3
24L2/
max fi(a) < (a)do .
max f;(0) < ( 5 o, @ )

[ s@da= [ o uta)Pda
aeCg a€eCyg

= o] < / . u(a)u(a)Tda> %

= 0jy.

or equivalently,

Observe that

Therefore conclude we have shown,

- 2412 \'/°
i = ; < | ——o0y . 13
3&%’;‘“(‘” 95l max 4/ f(a) < ( 3 0]> (13)
The remainder of the proof consists of bounding the Lipschitz constant L and bounding the eigenvalue

;. To bound the Lipschitz constant of f;,

L < max
a€EsS

fi()]
= max2[Re (¢, 1 (a) - ¢ (@) |
< max 6513 - @)z (@) |
= max [|u(e)ll2 - 4/ ()2

We have

T—n—1
||u(a)§< > Oé|2s>

s=0
< T.

Next, to bound ||’ (v)||2 we observe,

d . .
(W (), = @Oﬂ = ja’ 1150,
Therefore, | (4'(a));| < Tand|[|p'(a)[|5 < T°. Thus,

L? < 14 (14)
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By Theorem [E.6] there are universal constants C' > 0 and ¢ > 1 such that
o; < CB- ¢ /18T og T

Plugging this in, we get for C’ = 24C,

. 1/6 N
max () "o, < (24CT4C*J/1°gT10gT) = " log(T)Y/6T2/3¢=3/6le T
€

F Chebyshev Polynomials Evaluated in the Complex Plane

In this section we let T}, denote the n-th Chebyshev polynomial and let M, denote the monic form.
Proof of Lemma[3.1}) We use that M,,(z) = T,,(z)/2" ! and

T, (z) = cos (narccos(z)) . (15)

If Im(z)| < 1/64n? then by Lemmal|E.2| arccos(z) < 1/n. Therefore narccos(z) < 1 and so
by Fact[FT,
T, (z) = cos(narccos(z)) < 2 (16)

Now we turn to the derivative M/, (z). It’s a fact that

M(2) = ——Up_1(2), (17)

2n—
where U,,_; is the Chebyshev polynomial of the second kind. We next use the fact that

237> 0Tj(z), neven,

Un, — ;Leven
1(2) 25", 0 Tj(2), nodd.
j odd

< 2 for any j and therefore

Un-1(2)| < n. (18)
Therefore,
n2
M) < oy
|
Fact F.1. Let z € C. Then | cos(z)| < 2 whenever |Im| < 1.
Proof of Fact[F1,
| cos(z + iy)| = (cos® x cosh? y + sin” ' sinh® y) /2 (Uses standard complex cosine identity.)
(cos x 4 cos’ x (cosh2 — 1) + sin? 2 sinh? y)1/2
(Cos & + cos? zsinh? y + sin? 2 sinh? ) 12 (cosh?y — sinh® y = 1)
(cos z + sinh? ) 1/2 (cos?z +sin’z = 1)
< (1+ sinh? y) (sinh®y < 2when |y| < 1.)
<
|

LemmaF2. Let z € C with |[z] < 1. Then |[Im(arccos(z))| < 1/n whenever
|arg(z)] < 1/64n>.
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Proof of Lemma[F2, Let re? = 2 and assume |#| < 1/64n®. We use the Taylor series for
arccos(+),

arccos(re'?) = 5 Zak(m 0y2k+1 (For a, = %)
= g — Z aprhtleih+1)0 (De Moivre’s Theorem)
k=0

- g — > apr®™ T cos((2k +1)0) — iy apr® T sin((2k + 1)0).
k=0 k=0 4
(e = cos@ + isin )

Therefore,
Im (arccos(re’)) = Z arr® T sin((2k 4 1)6).

k=0
Then

Z ag|r|?* 1 sin((2k + 1)0)|
k=0

IN

Im (arccos(re™?)) |

IN

Zak|r|2k+1 min(1, (2k + 1)0]) (|sin(z)| < min(|z],1))

IN

Zakmm (2k + 1)| arg(2)]) (rl <D

IN

Zak (2k + 1)| arg(2)| + Z a. (For any arbitrary K > 0)
k=0 k=K+1

Now we bound ay,.
e
4k (k)2
V2m(2k)(2k/€)** (1 + 57)
4k (\/271c(1c/e)k)2

= <1+1> /Vrk
< 1/Vk.

ak(2k + 1) =

IA

(Stirling’s Formula)

Therefore we also have that a, < 1/ k3/2, Using this (and noting that ag = 1) we see,

|Im (arccos(2))| < |arg(z) (1 + Z f) + Z k5/2
<4 (| arg(2)| VK + \/?>
< \/% (For |arg(z)| < 1/K)
< l (For K > 64n2.)
n

Therefore, for |arg(z)| < 1/64n2, we have that
[Im(arccos(z))| < 1/n.
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Proof of Lemma We bound the coefficients of the Chebyshev polynomial. From Chapter 22 of

(31,

m —1)!

Tn(z) = g > (D" ;Z'(_n “om)!

(21‘)”_27”. (19)

Therefore
[n/2]
_ 1 _ m(n_m_l)' —2m,_ n—2m
Let ¢, = %2_27”. Then
n—my\ _
max ¢, < max ( )4 m
m=0,...,n m=0,...,n m
<  max (n—m)e)"™ ((3) < (ne/k)%
— m=0,...,n 4m k/ =
(1—c)e\™" .
< Lett =
< crél[%ﬁ] ( 1 (Letting m = cn)
< 209n, (maxe(o,1((1 — c)e/dc)® < 209)

G Plots from Experiments

The details of the experiments are in Section[d] please refer to that for specifics.

G.1 Experiments with Linear Dynamical System Data

As our theory shows, for Chebyshev polynomials (the same can be shown for Legendre polynomials),
the coefficients of the polynomial grow exponentially and therefore the performance gains vanish
after the degree is too high. However, learning the optimal coefficients is able to sidestep this issue.
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(a) Regression, Tinresh=0.01 (b) Regression, Tihresh=0.1 (c) Regression, Tipresh = 0.9

(d) Spectral Filtering, Tinesh = 0.01  (e) Spectral Filtering, Tinesh = 0.1 (f) Spectral Filtering, Tinresh = 0.9

,,,,,,

(g) DNN, Tipresh = 0.01 (h) DNN, Tipesh = 0.1 (i) DNN, Tipresh = 0.9

—8— Chebyshev
—#— Legendre
—A— Learned
== Baseline

Figure 3: Absolute prediction error averaged over 200 independent runs with data generated from a
linear dynamical system with varying complex threshold.
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G.2 Nonlinear Data

(a) Spectral Filtering, Tinesh = 0.01  (b) Spectral Filtering, Tiwesh = 0.1 (c) Spectral Filtering, Tinresh = 0.9

(d) DNN, Tipresh = 0.01 (e) DNN, Tinresh = 0.1 (f) DNN, Tinresh = 0.9

—8— Chebyshev
—#— Legendre
—&— Learned
== Baseline

Figure 4: Absolute prediction error averaged over 200 independent runs with data generated from a
nonlinear dynamical system with varying complex threshold.
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G.3 Data from a DNN

Finally we generate data from a 10-layer sparse neural network which stacks 100-dimensional LSTMs
with ReLU nonlinear activations.

nnnnnn

—8— Chebyshev
~#— Legendre
—&— Learned
—=— Baseline

Figure 5: Absolute prediction error of a 10-layer DNN model averaged over 200 independent runs.
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